TOPIC 7E Vibrational motion

Atoms in molecules and solids vibrate around their equilib-
rium positions as bonds stretch, compress, and bend. The sim-
plest model for this kind of motion is the ‘harmonic oscillator’,
which is considered in detail in this Topic.

MEEREOCENEY The classical harmonic oscillator

A harmonic oscillator consists of a particle of mass m that
experiences a ‘Hooke’s law’ restoring force, one that is propor-
tional to the displacement of the particle from equilibrium. For
a one-dimensional system,

F.=—kx

From Newton’s second law of motion (F = ma = m(d*x/d#*); see
The chemist’s toolkit 3 in Topic 1B),
d’x

mF=—kfx

If x=0at t=0, a solution (as may be verified by substitution) is
1 k 1/2
x(t)=A sin 2mvt v=~—(—fj
2n\ m

This solution shows that the position of the particle oscillates
harmonically (i.e. as a sine function) with frequency v (units:
Hz). The angular frequency of the oscillator is @ = 2V (units:
radians per second). It follows that the angular frequency of a
classical harmonic oscillator is @ = (k,/m)"”.

71 The harmonic oscillator

In classical mechanics a harmonic oscillator is a particle of
mass m that experiences a restoring force proportional to its
displacement, x, from the equilibrium position. As is shown in
The chemist’s toolkit 18, the particle oscillates about the equi-
librium position at a characteristic frequency, v. The potential
energy of the particle is
V(x)=1kx?

Parabolic potential energ, E.

where k;is the force constant, which characterizes the stre
of the restoring force (Fig. 7E.1) and is expressed in newtons
per metre (Nm™). This form of potential energy is called a
‘harmonic potential energy’ or a ‘parabolic potential energy’.
The Schrodinger equation for the oscillator is therefors
h* d*w(x)
~om 4

Schrédinger -
equation

+ L kexy (x) = Ey(x)

The potential energy becomes infinite at x =+*oe, and so the
wavefunction is zero at these limits. However, as the poten
tial energy rises smoothly rather than abruptly to
as it does for a particle in a box, the wavefunction decreases

The potential energy V is related to force by F=—d1\"dx
chemist’s toolkit 6 in Topic 2A), so the potential energy corre-
sponding to a Hooke’s law restoring force is

V(x)=1kx?

As the particle moves away from the equilibrium p
potential energy increases and so its kinetic energy.
its speed, decreases. At some point all the energy is pote
the particle comes to rest at a turning point. The particle t
accelerates back towards and through the equilibrium position.
The greatest probability of finding the particle is where it is
moving most slowly, which is close to the turning points.

The turning point, x,, of a classical oscillator occurs when its
potential energy +ku’ is equal to its total energy, so

2E 172
()

The turning point increases with the total energy: in classical
terms, the amplitude of the swing of a pendulum or the dis-
placement of a mass on a spring increases.
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Figure 7E.1 The potential energy for 2 harmonic oscillator is the
parabolic function V,,(x) = 7k, where x is the displacement
from equilibrium. The larger the force constant k. the steeper the
curve and narrower the curve becomes.

smoothly towards zero rather than becoming zero abruptly.
The boundary conditions ¥(%s) =0 imply that only some so-
lutions of the Schrédinger equation are acceptable, and there-
fore that the energy of the oscillator is quantized.

(@) The energy levels

Equation 7E.2 is a standard form of differential equation and
its solutions are well known to mathematicians.' The energies
permitted by the boundary conditions are

E =(v+i)ho w=(k./m)"” Energy levels  (7E.3)

v=0,1,2,...

where v is the vibrational quantum number. Note that the en-
ergies depend on @, which has the same dependence on the
mass and the force constant as the angular frequency of a clas-
sical oscillator (see The chemist’s toolkit 18) and is high when
the force constant is large and the mass small. The separation
of adjacent levels is

E,.—-E=ho (7E.4)

for all v. The energy levels therefore form a uniform ladder
with spacing /e (Fig. 7E.2). The energy separation i is neg-
ligibly small for macroscopic objects (with large mass) but sig-
nificant for objects with mass similar to that of an atom.

The energy of the lowest level, with v = 0, is not zero:

E,;=jho Zero-point energy  (7E.5)

' For details, see our Molecular quantum mechanics, Oxford University
Press, Oxford (2011).
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Figure 7E.2 The energy levels of a harmonic oscillator are evenly
spaced with separation fiw, where w = (k,/m)"?. Even in its lowest
energy state, an oscillator has an energy greater than zero.

The physical reason for the existence of this zero-point energy
is the same as for the particle in a box (Topic 7D). The parti-
cle is confined, so its position is not completely uncertain. It
follows that its momentum, and hence its kinetic energy, can-
not be zero. A classical interpretation of the zero-point energy
is that the quantum oscillator is never completely at rest and
therefore has kinetic energy; moreover, because its motion
samples the potential energy away from the equilibrium posi-
tion, it also has non-zero potential energy.

The model of a particle oscillating in a parabolic potential is
used to describe the vibrational motion of a diatomic molecule
A-B (and, with elaboration, Topic 11D, polyatomic molecules).
In this case both atoms move as the bond between them is
stretched and compressed and the mass m is replaced by the
effective mass, u, given by

Effective mass

— mAmB
H [diatomic molecule]

“m,+m, (7E.6)

When A is much heavier than B, m; can be neglected in the
denominator and the effective mass is u = m,, the mass of
the lighter atom. In this case, only the light atom moves
and the heavy atom acts as a stationary anchor.

Brief illustration 7E.1

The effective mass of "H*Cl is

m,m (1.0078m,)%(34.9688m, )
/1= H'*Cl - u u
my+mey  (1.0078m,)+(34.9688m,,)

=0.9796m,

which is close to the mass of the hydrogen atom. The force
constant of the bond is k; = 516.3Nm™. It follows from
eqn 7E.3 and 1N = 1kgms™, with g in place of m, that

ook ol 516.3Nm™
L) T10.9796%(1.66054x107 kg)

172
J =5.634x10" s
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or (after division by 2m) 89.67 THz. Therefore, the separation
of adjacent levels is (eqn 7E.4)

E,, —E,=(1.05457 x 10™']s) X (5.634 x 10"s™)
=5.941x107]

or 59.41z], about 0.37eV. This energy separation corresponds
to 36kJ mol™, which is chemically significant. The zero-point
energy (eqn 7E.5) of this molecular oscillator is 29.71 zJ, which
corresponds to 0.19 €V, or 18k]J mol™.

(b) The wavefunctions
The acceptable solutions of eqn 7E.2, all have the form

y(x) = N x (polynomial in x) x (bell-shaped Gaussian
function)

where N is a normalization constant. A Gaussian function is
a bell-shaped function of the form ¢™*" (Fig. 7E.3). The precise
form of the wavefunctions is

w,(x)=N,H, (y)e” "

hz /4
X
i “{W;]

The factor H,(y) is a Hermite polynomial; the form of these
polynomials and some of their properties are listed in Table
7E.1. Note that the first few Hermite polynomials are rather
simple: for instance, Hy(y) = 1 and H,(y) = 2y. Hermite poly-
nomials, which are members of a class of functions called
‘orthogonal polynomials’, have a wide range of important
properties which allow a number of quantum mechanical cal-
culations to be done with relative ease.
. The wavefunction for the ground state, which has v =0, is

Wavefunctions  (7E.7)

Ground-state

wavefunction (7E.8a)

-y -x*2a?
W, (x)=N,e” “=Ne™

-2 -1 0 1

Figure 7E.3 The graph of the Gaussian function, f(x):e"‘z.

Table 7E.1 The Hermite polynomials

v H_ (y)

0 1

1 2y

2 47 =2

3 8y — 12y

4 16y* — 48" = 12

5 32y° - 160y° + 120y

6 64y° — 480y* + 720y — 120

The Hermite polynomials are solutions of the differential equation
H”-2yH.+2vH,=0

where primes denote differentiation. They satisfy the recursion relation
H,,-2yH,+2vH, =0

An important integral is

0 if v'#v

722" if v'=v

[ HHe dy= {

and the corresponding probability density is

Ground-state

probability density (7E.8b)

wi(x)=N2” =Nz ™"
The wavefunction and the probability density are shown in
Fig. 7E.4. The probability density has its maximum value at
x =0, the equilibrium position, but is spread about this posi-
tion. The curvature is consistent with the kinetic energy being
non-zero and the spread is consistent with the potential en-
ergy also being non-zero, so resulting in a zero-point energy.

The wavefunction for the first excited state, v =1, is

First excited-state

—y? 2 —x? 2
¥, (x)=N2ye” /2=N1(5)xe % wavefunction (7E9)
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Figure 7E.4 The normalized wavefunction and probability
density (shown also by shading) for the lowest energy state of a
harmonic oscillator.
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Figure 7E.5 The normalized wavefunction and probability
density (shown also by shading) for the first excited state of a
harmonic oscillator.

This function has a node at zero displacement (x = 0), and the

probability density has maxima at x =+« (Fig. 7E.5).

and therefore (keeping track of the blue terms)

Al k)2
7[#) Wo_’lfkr'leVo"'%erng:EWo

The blue terms cancel, leaving
h k 172
5(;;—) Yo =By,

It follows that y, is a solution to the Schrodinger equation for
the harmonic oscillator with energy E = L i(k/m)"?, in accord
with eqn 7E.5 for the zero-point energy.

Self-test 7E.1 Confirm that the wavefunction in eqn 7E.9 is a
solution of eqn 7E.2 and evaluate its energy.
Oy =" QUM ‘S3X JaMSUY

Sl Confirming that a wavefunction is a

solution of the Schrédinger equation

Confirm that the ground-state wavefunction (eqn 7E.8a) is a
solution of the Schrédinger equation (eqn 7E.2).

Collect your thoughts You need to substitute the wavefunc-
tion given in eqn 7E.8a into eqn 7E.2 and see that the left-
hand side generates the right-hand side of the equation; use
the definition of a in eqn 7E.7. Confirm that the factor that
multiplies the wavefunction on the right-hand side agrees
with eqn 7E.5.

The solution First, evaluate the second derivative of the
ground-state wavefunction by differentiating it twice in suc-
cession:

d -2na? . X iy 2
aNoe a =_A\g(a2]e 120

f

g
dZ d / Y e
Noe-lezzzz’=a _N \i e-x’/m’
dxl Yo a:

{@(fg)/dx =fdg/dx+g df/@

2
N —x2/20° X T Yo )
Lo (zJe x*2a +Z\'T0 — | ¢ X2
o o-

=—(l/a* W+ (1ot )y,

Now substitute this expression and o> =(#*/mk,)"* into the
left-hand side of eqn 7E.2, which then becomes

(P/2) /)™ k/2

——A— S —

n*(mk\" N mkY e, i s

ml ) Yo aml e ) Votikx 'y, =Ey,

The shapes of several of the wavefunctions are shown in
Fig. 7E.6 and the corresponding probability densities are
shown in Fig. 7E.7. These probability densities show that, as
the quantum number increases, the positions of highest prob-
ability migrate towards the classical turning points (see The
chemist’s toolkit 18). This behaviour is another example of the
correspondence principle (Topic 7D) in which at high quan-
tum numbers the classical behaviour emerges from the quan-
tum behaviour.
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Figure 7E.6 The normalized wavefunctions for the first seven
states of a harmonic oscillator. Note that the number of nodes
is equal to v. The wavefunctions with even v are symmetric
about y = 0, and those with odd v are anti-symmetric. The
wavefunctions are shown superimposed on the potential energy
function, and the horizontal axis for each wavefunction is set at
the corresponding energy.
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Figure 7E.7 The probability densities for the states of a harmonic

oscillator with v =0, 5, 10, 15, and 20. Note how the regions of
highest probability density move towards the turning points of
the classical motion as v increases.

The wavefunctions have the following features:

o The Gaussian function decays quickly to zero as the
displacement in either direction increases, so all the
wavefunctions approach zero at large displacements:
the particle is unlikely to be found at large displace-
ments.

« The wavefunction oscillates between the classical
turning points but decays without oscillating outside
them.

« The exponent y* is proportional to x* x (mk;)"”, so the

wavefunctions decay more rapidly for large masses
and strong restoring forces (stiff springs).

o As v increases, the Hermite polynomials become
larger at large displacements (as x"), so the wavefunc-
tions grow large before the Gaussian function damps
them down to zero: as a result, the wavefunctions
spread over a wider range as v increases (Fig. 7E.6).

Physical interpretation

WNormalizing a harmonic oscillator

wavefunction

Find the normalization constant for the harmonic oscillator
wavefunctions.

Collect your thoughts A wavefunction is normalized (to 1) by
evaluating the integral of |y|* over all space and then finding
the normalization factor from eqn 7B.3 (N=1/(Jy*wdz)").
The normalized wavefunction is then equal to Ny. In this
one-dimensional problem, the volume element is dx and
the integration is from —eo to +eo. The wavefunctions are
expressed in terms of the dimensionless variable y = x/a, so
begin by expressing the integral in terms of y by using dx =
ady. The integrals required are given in Table 7E.1.

The solution The unnormalized wavefunction is

v, ()=H,(y)e”"
It follows from the integrals given in Table 7E.1 that

Tdy=an'i2'!

_[:y/jw,,dx=aj:w:y/:d}'=a'|‘j H:(y)e

where v! =v(v - 1)(v —2)...1 and 0! = 1. Therefore,

12
1
Nv=[mj Normalization constant  (7E.10)

Note that N, is different for each value of v.

Self-test 7E.2 Confirm, by explicit evaluation of the integral,
that y, and y, are orthogonal.
[T 2[qe], ut uoneurioyur 3y} Suisn £4q o = xp'/hj‘/fleh B} MOYS UamSHY

7e.2 Properties of the harmonic
oscillator

The average value of a property is calculated by evaluating the
expectation value of the corresponding operator (eqn 7C.11,
Q) =Iu/*.(2w dt for a normalized wavefunction). For a har-
monic oscillator,

(2),= J_:Vf: Qy, dx (7E.11)

When the explicit wavefunctions are substituted, the integrals
might look fearsome, but the Hermite polynomials have many
features that simplify the calculation.



